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On the extremal total reciprocal edge-eccentricity of tree^ 
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Abstract: The total reciprocal edge-eccentricity is a novel graph invariant with vast potential in structure 
activity/property relationships. This graph invariant displays high discriminating power with respect to both 
biological activity and physical properties. If G = {Vg, Eg) is a simple connected graph, then the total reciprocal 
edge-eccentricity (REE) of G is defined as 5®®(G) = + ^/^g{v)), where eG{v) is the eccentricity 

of the vertex v. In this paper we first introduced four edge-grafting transformations to study the mathematical 
properties of the reciprocal edge-eccentricity of G. Using these elegant mathematical properties, we characterize 
the extremal graphs among n-vertex trees with given graphic parameters, such as pendants, matching number, 
domination number, diameter, vertex bipartition, et al. Some sharp bounds on the reciprocal edge-eccentricity of 
trees are determined. 
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1. Introduction 


Throughout this paper, we only consider simple connected graph G = (Vg, Eg) on n vertices and m edges (so 
n = |b/;| is its order, and m = \Eg\ is its size). The distance between two vertices u,v of G, written dG{u,v), is 
the length of a shortest u-v path in G. The eccentricity eG^v) of a vertex v is the distance between v and a furthest 
vertex from v in G. For any edge e = uv € Eg, we may define edge-eccentricity of e as ec(e) = £g(u) -I- £g(^^); 
whereas its reciprocal edge-eccentricity is defined as ree(e) = When the graph is clear from the 

context, we will omit the subscript G from the notation. We follow the notation and terminology in [2] except if 
otherwise stated. 

Molecular descriptors play an important role in mathematical chemistry, especially in the QSPR and QSAR 
modeling [1]. Among them, a special place is reserved for the so called topological indices, or graph invariant. The 
well-studied distance-based graph invariant probably is the Wiener index |35] , one of the most well used chemical 
indices that correlate a chemical compound’s structure with the compound’s physical-chemical properties. The 
Wiener index, introduced in 1947, is defined as the sum of distances between all pairs of vertices, namely that 


IU(G)= ^ dG{u,v). 
{u,v}<ZVg 


For more results on Wiener index one may be referred to those in [iniiiiiiiisi] and the references cited therein. 

Another distance-based graph invariant, defined [niET] in a fully analogous manner to Wiener index, is the 
Harary index, which is equal to the sum of reciprocal distances over all unordered vertex pairs in G, that is, 


H{G) 


E 

{u,v}<ZVg 


1 

dG{u,v)' 


For more results on Harary index, one may be referred to [5l[T6l|26l|27l[3ll|36]. 
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More recently, the distance-based graph invariants involving eccentricity have attracted much attention. These 
graph invariants mainly include the average eccentricity [1] , the superaugmented eccentric connectivity index [7] , 
the reformed eccentric connectivity index [20) . the eccentric distance sum augmented eccentric connectivity 
index [33], etc. In particular, the average eccentricity [umiTii [n], and the eccentric distance sum uni of the 
graph G, written by ^(G) and ^‘^(G) are defined, respectively, as 

= - ^ eciu), ^‘'(G) = {eaiu)+ eGiv))dGiu,v). 

uGVg 

Recently, mathematical properties of the eccentric distance sum of graphs have been studied. Mukungunugwa 
and Mukwembi m obtained the asymptotically sharp upper bounds on with respect to the order and 

minimal degree of G. Geng, Zhang and one of the present authors [8] studied the relationship between and 
some other parameters, such as domination number, pendants and so on of trees. For more results on ^'^(G), one 
may be referred to [niMl ESIEH] and references therein. 

The total edge-eccentricity of a graph G is defined as 


r(G)= ^ (£G(«)+£G(^')). 

c—uv^Eg 

The total edge-eccentricity of the graph G can be defined alternatively as 


r(G) = Y SGi.u)dG{u). 

uGVg 


This graph invariant is just the eccentric connectivity index, which is a distance-based molecular structure de¬ 
scriptor, proposed by Sharma, Goswami and Madan [34] in 1997. The index ^'^(G) was successfully used for 
mathematical models of biological activities of diverse nature For the study of its mathematical properties 

one may be referred to [i2][iniinn] and the references therein. 

Bearing in mind that the relation between Wiener index and Harary index, we study here a novel graph 
invariant named the total reciprocal edge-eccentricity (REE), i.e., 


f®(G) = 


c—uv^Eg 


£g{u) eG{v) 


which can be defined alternatively as 


^"(G) 


E 

u^Vg 


dGju) 

£g{u) ' 


This graph invariant is just the the connective eccentricity index [3]. Gupta et al. [3] used nonpeptide N- 
benzylimidazole derivatives to investigate the predictability of the total reciprocal edge-eccentricity with respect 
to antihypertensive activity. They showed that the results obtained using the total reciprocal edge-eccentricity 
were better than the corresponding values obtained using Balaban’s mean square distance index and the accuracy 
of prediction was found to be about 80% in the active range. Recently, Yu et al. [37] [33] studied the mathematical 
properties of REE of trees, unicyclic graphs and general connected graphs, respectively. 

Motivated from [37] [33], we mainly study the mathematical properties of total reciprocal edge-eccentricity 
under some edge-grafting transformations. Furthermore, extremal values of total reciprocal edge-eccentricity are 
also studied for some interesting classes of trees. We organize this paper as follows. In Section 3, we introduce 
general graph transformations that increase the total reciprocal edge-eccentricity for connected graphs. In Section 
4, sharp upper bound is established on the maximum total reciprocal edge-eccentricity of n-vertex trees with k 
pendants (resp. matching number, domination number, diameter, given bipartition). The corresponding extremal 
graphs are identified, respectively. 
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2. Definitions and some preliminary results 


Let G be a graph with v G Vg,uv G Eq- Then G — v, G — uv denote the graph obtained from G by deleting 
vertex v € Vg or edge uv G Eg, respectively, and this notation is naturally extended if more than one vertex or 
edge is deleted. G + uv is obtained from G by adding an edge uv ^ Eg- The symbol ^ denotes that two vertices 
in question are adjacent. 

We let N{v) denote the set of all the adjacent vertices of v in G. Then let d{v) denote the degree of v, which 
is defined as d{v) = |iV(u)|. The diameter of G is the maximal distance between any two vertices of G. Denote 
by Pn and Sn, the path and star graph on n vertices, respectively. A pendant path at u in a graph G is a path in 
which no vertex other than v is incident with any edge of G outside the path, where dG{v) is at least three. We 
call M is a pendant vertex of G or a leaf if d{u) = 1. Let PV{G) denote the set of all pendant vertices of G. 

The vertex with the minimum eccentricity is called the center vertex of graph G. Let w be a center vertex of 
G and for two vertices x, y in G, we call x a parent of y if x ^ y and dGiw, y) = dG{w, x) + 1. 

Two distinct edges in a graph G are independent if they do not have a common end vertex. A set of pairwise 
independent edges of G is called a matching in G, while a matching of maximum cardinality is a maximum 
matching in G. The matching number /3(G) of G is the cardinality of its maximum matching. Let M be a 
matching of G, then if a vertex is incident to an edge of M, then it is M-matched, otherwise the vertex is 
M-unmatched. A vertex is said to be perfectly matched if it is matched in all maximum matching of G. 

A dominating set D of a graph G is a set of vertices such that for any vertex a; in G we have x G D or 
X is adjacent to a vertex of D. A domination number, denoted by 7 , is the minimum of the cardinalities of all 
dominating sets. Let Stff be the class of all connected graphs of order n with domination number 7 . An independent 
set of a graph G is a set of vertices such that any two distinct vertices of the set are not adjacent. 

Given a connected graph G on n vertices, its vertex set can be partitioned into two subsets Vi and V 2 such 
that each edge joins a vertex in Vi with a vertex in V 2 . Suppose that Vi has p vertices and V 2 has q vertices with 
p-\- q = n. Then we say that G has a (p, q)-bipartition {p ^ q). 

Theorem 2.1 ([38]). Let G be a connected graph with diameter d and the diametric path is P = vqvi .. .Vd- 
Assume that w is a vertex outside P having pendant neighbors wi,W 2 , ■ ■ ■ ,wt- Let 

G' = G — {WWI,WW2, . . . , WWt} + {viWi,ViW2, ■ ■ ■ , ViWt}, 
then we have ^^^(G) > ^''(G'). 

3. Transformations 

In this section, we are to introduce four edge-drafting transformations on connected graphs. We mainly study 
the effect of each of these transformations on the total reciprocal edge-eccentricity. 

3.1. p-transformation 

Let G be an n-vertex connected graph as depicted in Fig. 1, where wv is a cut edge of G and Hi,H 2 are two 
non-trivial connected subgraphs with eHi{w) = k I -\- 1. Let G' = G — {vx : x G Vh 2 {v)} + {wx : x G Vh 2 {v)}', 
see Fig. 1. We say that G' is obtained from G by p-transformation. In particular, if Hi (resp. H 2 ) is a tree, Ilic 
m used the p-transformation to study the Laplacian coefficients of trees; Geng, Zhang and one of the present 
authors [ 8 ] used the p-transformation to study the eccentric distance sum of trees; Meng and one of the present 
authors [22] used the p-transformation to study the property of additively weighted Harary index of trees. Here 
we show that p-transformation increases the ^'^®(G). 
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Figure 1: G" is obtained from G by p-transformation. 


Theorem 3.1. Let G' be the graph obtained from G by p-transformation; see Fig. 1. Then ff^^{G) < ff^^{G'). 


Proof. Assume that eH 2 iv) = q, SHiiui) = dHi{w,Wk) and Pk+i = wwiW 2 .. .wu is the path between w and a 
furthest vertex Wk from w in Fli. 

For every vertex x € Vhi \ y+k+i i it is routine to check that dcix) = dcix), ecix) = max{ei/j (a;), du^ {x, w) + 
1 + l,dHi{x,w) + 1 + 9 }, sg'{x) = inax{eHi{x),dHi{x,w) + 1 + l,dHi{x,w) + q}, i.e., ecix) ^ eo'ix). Hence, 


E 


/ dcjx) 
\£g{x) 


£G'{x)J 


For every vertex x G Vh 2 \ {^^}) we have dcix) = dcix), ecix) = max{e// 2 (x),duj (x, m) + 1 + k}, eG'(x) = 
max{e// 2 (x),d^r 2 (x, m) + fc}, i.e., Soix) ^ ecix). Hence, 


E 

a;GVyr2\{’^} 


/ do^x) 
\eG{x) 


dG'ix) \ 

£G'(x)J 


^ 0 . 


Consider the vertex Wi, i = 1,2,... ,k. Since Ehi (w) = k, Ehi (uii) ^ i + k, i = 1,2,... ,k. Otherwise, assume m 
(m G [1, fc]) is the maximum subscript such that ehi (wm) ^ m+fc+1. Suppose that P is the shortest path between 
Wm and t such that Ehi (wm) = \Ep\ and p (possibly equal to 0) is the minimum subscript of vertex of Vp O , 
and we denote w = wq. Clearly t ^ . If p = to, we claim that there exists a shortest path between w and any 

vertex of P which contains vertex Wm,. Otherwise, combined with ehi (w) = k, i.e., dpi {w, t) ^ k, we can easily get 
£Hi (wm) ^ TO + /c, a contradiction. Thus, dpi (w, t) = dpi (w, Wm)+dHi {wm, t) ^ 2TO + fc +1 > k, i.e., Ehi (w) > k, 
a contradiction. Similarly, if p < to, then dpi (w, t) = dpi (w, Wp) + |Ap| —dpi {wm, Wp) ^ k + l + 2dHi (ui, Wp) > k, 
a contradiction. Hence, Eh^ (wt) ^ i + k, i = 1,2,... ,k. Therefore, 


EG(,Wi) = iJieLK{i + k,i + 1 + q,i + 1 + 1}, EG'iwi) = m.a.x{i + k,i + q,i + 1 + 1}. (3-1) 

Note also that dG{ui) = dG'iui) = 1 and for i = 1, 2,..., 1 — 1, 

dG{ui) = dG'{ui) = 2, EG{ui) = inax{i + q,i + 1 + k}, EG'{ui) = m.ax.{i + 1-\-q,i + 1 F k} (3.2) 

and 


dG{w) = dpiiw) + 1, dG'{w) = dp^iw) + 1 F dH 2 {v), eg{w) = max{k,l F q}, eg'{w) = max{k,q}, (3.3) 
dG^v) = dH 2 iv) + dG'iv) = ‘2, eG(?^) = maxjl + fc, g}, eg'{v) = uiax{l F k,l F q}- (3.4) 


From the definition of one has 


r^(G) -e“(G') 


E 


f dG{x) 
\£g{x) 



dG'(^) \ 

EG'ix)] 
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f dcjm) _ dgi (Wi) \ dciuj) _ dc (m») \ 

^^\£G{Wi) £G'{Wi)) j^^\£GiUi) £G'{Ui)) 

^ dGjw) _ dcjw) ^ daiv) _ da'jv) 

eciw) SG'iw) £g{v) £g'{v) 

^ f daiwi) dG'{w^) \ ^^^ dcjuj) dG'M \ 

^ ^ \£G{Wi) £G'{Wi)) ^ \£G{Ui) £G'(Ui)J 

^ dGjw) _ dG’jw) ^ daiv) _ da'jv) 

eajw) ec'jw) £Gjv) £G'jv)' 


(3.5) 


We proceed by considering the following possible cases. 

Case 1. g ^ fc + 1 ^ / + 2. In this case, in view of (I3.1I) - (I3.4L we have eajwi) = * + 1 + g, ea'jwi) = * + g for 
1 < i < fc; eajui) =i + q, £G'{ui) = i + 1 + g for 1 ^ i ^ eajw) = 1 + g, £g'{w) = q\ £Gjv) = g, £G'jv) = 1 + g. 
Thus, together with (13.51) . we obtain 


r"(G)-r"(G') < 


< 


/ dajwi) dG'jwi) \ ^ ^ ^ ^ 

^\z + l + g i + q J + i + l + g/ l + q 

^ dn^ jw) + 1 _ dgi (w) + 1 + dn^ jv) dn^ (v) + 2 _ 2 

1+g g g 1+g 



daiwi) - 2 

I + 1 + g 


dalivi) - 2 \ 

i + q J 


dGjwi) - 1 _ dgjwi) - 1 
^+l+g l+q 


/ dgjWi) _ dGjw^) \ 

0 . 


dffi jw) - 1 _ dHi jw) - 1 

l + q q 


1 

^ + 1 + g 


The last inequality follows from the fact that dgjwi) ^ 2 for 1 ^ i ^ I — 1, dgjwi) ^ 2 for k ^ I + 1 and 
dHijw) > 2. 

Case 2. fc ^ g > Z + 1. In this case, in view of (13.Ill - (13.4|) . we have eajwi) ^ eg'jwi) for I < i ^ fc, 
£Gjui) = egijui) = i + 1 + k for 1 ^ i ^ Z, egjw) = max{fc, 1 + g} ^ ea'jw) = k and £Gjv) = £G'jv) = 1 + k. 
Hence, together with (13.5p . we obtain 


C‘'jG)-CHG') 


< 


< 


dHi jw) + 1 _ dffi jw) + l + dH2 jv) 

£Gjw) £G'jw) 

-duAv) , dH2 jv) 

k 1 + k 

0 . 


dH2 jv) + 2 _ 2 

1+k 1+k 


Case 3. fc > Z + 1 ^ g + 1. In this case, in view of (I3.1I) - (I3.4I) . we have egjwi) = ea'jwi) for 1 ^ i ^ k, 
£Gjui) = SG'jui) = i + 1 + k lor 1 ^ i ^ I, £Gjw) = £G’jw) = k and £Gjv) = £G'jv) = 1 + k. Combining with 
(13.51) yields 




^ dHi jw) + 1 _ dni jw) + l + dH2 jv) 

^ £Gjw) £G'jw) 

^ -dH2 jv) dH2 jv) 

k 1 + k 

< 0 . 


dH2 jv) + 2 2 

1 + Zc 1 + Zc 


This completes the proof. 


□ 
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The following corollary is a direct consequence of Theorem 3.1. 

Corollary 3.2. Assume that Pm+i = vqVi ... Vm-iVmVm+i ■ ■ ■ Vm+i is a path and u is a vertex of a connected 
graph H. The graph Gi^m is obtained from Pm+i and H by identifying u with Vm, while Gi-i^m+i is the graph 
obtained from Gi^m by moving H from Vm to Vm+i- If I ^ m + 2, then 

3.2. a-transformation 

Let Gi be a simple graph as depicted in Fig. 2, where Hi,H 2 are two non-trivial connected graphs. Let 
G 2 = Gi — {vix : X € Nff^(vi)} + {vix : x G NH 2 ivi)}- We call that G 2 is obtained by a-transformation on 
Gi. In particular, if Gi is a tree, Kelmans m used this tree-transformation as depicted in Fig. 2 to prove 
some results on the number of spanning trees of graphs in 1976. Recently, Bollobas and Tyomkyn [3] used this 
tree-transformation to count the total number of walks (resp. closed walks, paths) of trees. Here we are to show 
that a-transformation increases the total reciprocal edge-eccentricity of a connected graph. 



Figure 2: a-transformation. 


Theorem 3.3. Let G 2 be the connected graph that obtained from Gi by a-transformation as depicted in Fig. 2, 
then r"(Gi) <r"(G 2 ). 

Proof. For the subgraphs Hi and H 2 , we assume, without loss of generality, that SHiivi) = q, £h 2 {vi) = p 
satisfying q ^ p. 

For every vertex x € Vh^ \ we have dciix) = da^ix), sciix) = max{e/f,^(x),(x,ui) -I- / — 1 -\- p}, 

£ 02 ( 0 :) = max{e_f/j(x),d//i(x,'!;i) + 1 - 1 , (x, wi) + p}. Hence, £Giix) > £ 02 ( 2 ;) for x € Vh^ \ {wi}. 

For any vertex x G Vh2 \ we have dc^ix) = dG2{x), £Giix) = max{£^f2(x), dH2{x,vi) + 1 — 1 + q\, 
£G2 (x) = max{£H2(x), dH2{x,vi) -|- q, (x, wj) -|-Z - 1}. Thus, £01(2:) > £02(2^) for x G Vh2 \ {^^z}. 

For every vertex vt G Vp,, i = 1 , 2,...,/, we have £Gi (vi) = max{/ — i-\-p,i—I + q} and £ 02 (^ 1 ) = max{l — 
i,i — 1 -\- q}. Thus we have £Gi{vi) > £G 2 ( 2 ’i) for Vi G Vp,. What’s more, £ 02 (^’z) > £ 02 ( 2 ^ 1 ); dcAvi) = dG 2 {vi) 
except for dGi(ui) = dpi(xi) -I- 1, dG 2 (rzi) = dpi(xi) + 1 -\-dH 2 ivi) and dG^xi) = dH 2 {vi) + 1 , dG 2 (^zz) = 1- 


Therefore, 




dGi(rzi) _ dG 2 {vi) dGiM _ ^62(^z) 


£Gi(izi) £G2(2 Zi) £Gi(wz) £G2M 


dH2M dH2{vi) 

£G2(rzi) £G2(rzz) 



< 0 . 
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Thus, < r''(G 2 ), as desired. 


□ 


The following result is a direct consequence of Theorem 3.3. 

Corollary 3.4 f [37)1. Let Hi and H 2 be two disjoint eonnected graphs eaeh of which contains at least 2 vertices 
with u € Vhi, V G Vh 2 - Let Gi he the graph obtained from Hi U H 2 by adding an edge uv. Let G 2 be the graph 
obtained from Hi \JH 2 by identifying u and v (to a new vertex, say u) and adding a pendant edge, say uv without 
confusion. Then ^®®(Gi) < ^®'^(G 2 ). 

3.3. ^-transformation 




Figure 3: ^-transformation 


Let G be the connected graph as depicted in Fig. 3, where H 2 is a non-trivial subgraph and uw is a cut edge 
of G with dc{w) ^ 2. Let G[v —)• w; 2] be the graph obtained from G by deleting all pendant edges vz,z G W 
and adding all pendant edges wz, z G W, where W = Ng{v)\{u}. In notation, 

G[v —>■ u>; 2] = G — {vz : z G W} + {wz : z G W} 

and we say G[v —>■ w; 2] is obtained from G by the 9-transformation. If Hi, H 2 are two bipartite graphs, Geng, 
Zhang and one of the present authors [25j used the 0-transformation to study the eccentric distance sum of trees. 
Li, Zhang and one of the present authors [21j used the 0-transformation to study the Laplacian permanent of 
trees with given bipartition. Next, we are to use the 0-transformation as a tool to study the total reciprocal 
edge-eccentricity of trees. 

Theorem 3.5. Let G[v —>■ w, 2] be the graph obtained from G by the 9-transformation (see Fig. 3). If eH 2 {w) ^ 
£Hi{u), then we have ^®®(G) < ^®®(G[u -G ?i';2]). 

Proof. For convenience, denote G' = G[v w, 2], ehi (u) = di and eH 2 iw) = d 2 . Since uw is a cut edge of G and 
dciw) ^ 2, it is obviously ^2 1, i-e., Vf/j \ {w} ^ 0. 

For every vertex x G Vh^, dcix) = dG'(x),eG{x) = Ta.a,yi{eHx(x),dG(x,u) -I- 1 -I- ^ 2 } = £G'{x). 

For every vertex x G Vh 2 \ {w},dG{x) = dG'{x), £g{x) = maxle//^(x),^ 0 ( 2 ;,w) -f 1 -I- di,dG{x,w) -\- 3}, 
£G'{x) = Tnax.{e h 2 {x), dG{x,w) -|- 1 -I- di, ic) -I- 2}. Hence, eG{x) > £g'{x) for x G Vh 2 \ 

For every vertex Vi, i = 1,2,... ,k, dG{vi) = dG'(vi) = 1, £G{vi) = 3 + (i 2 , £G'{vi) = max{l -|- d 2 ,di -\- 2, 3}, 
i.e., £Givi) > £G'{vi) for ^2 > di, ^2 > 1, * = 1, 2 ,..., k. 

For the vertex w, one has dG(w) = dH 2 {w) 1, dG{v) = k 1 and dG'{w) = dH 2 {w) -I- 1 + fc, dG'{v) = 1. 
£g{w) = max{d 2 ,1 -|- di, 3}, eG'(rc) = max{d 2 ,l + di,2}, i.e., £g{w) ^ £g'(w). In view of Fig. 3, we have 
£g{v) = £g'{v) = d 2 + 2 . 
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Therefore, 


r^(G) -r"(G') 


< 



dG{x) 

£g{x) 

dG'A)\ 

£G'A)J 

+ E 

a;evyr2\{u)} 

/ dG{x) 
V£G(a;) 

dG'A) 

£G'(x) 

dG{Vi) 

dG’ {ViV 

\ 1 dG{w) 

dG'{w) 1 

dGiv) 

£G{Vi) 

EG' (Vi), 

} £g{w) 

£G'iw) 

£g{v) 


k 

£G'{w) 


k 

£G'(v) 


dG'(v) 

£G'{v) 


= k 


< 0 , 


1 


1 


eG'{v) £g'{w) 


The last inequality follows by £g'{v) = fi 2 + 2 > £g'{w) = max{(i 2 ,1 + di, 2}. 
This completes the proof. 


□ 


Theorem 3.6. Let G be a connected graph with diameter d. Choose a diametral path P = vqVi .. .Vd of G such 
that there exist a pendant wi not being attached on P. Denote the unique neighbor of wi by w. Let 


Gi 


G — wwi + Vd_^wi, if d is even, 

G — wwi + v±^_-.wi, if d is odd. 

2 


Then £f^{G) ^ £f^{Gi), and the equality holds if and only if £g{w) = £G{'Vd_f) = | + 1 z/ c? zs even and 
£g{w) = + 1 otherwise. 


Proof. If d is even, we have diam(G) = diam(Gi), dcix) = doiix) and SGix) = £Gi{x) for x € 

dGiw) = dciiw) + 1 , SGiw) = sgAw); ddwi) = dcdwi) = 1 , £g{wi) = £g{w) + 1 , £Gi{wi) = £Gi(^^|_i) + 1 = 

£G{vd_^) + 1; dG{vd_^) = dGi{vd_^) — 1, eG{vd_.^) = £gA'^ i-i)- Hence, by the definition of the REE we have 


C“(G) -r"(Gi) 


dG{x) _ dGi (x) 

dG(v^-l) dGi(vd_A ^ dG{w) dGi{w) ^ dG{wi) 

£ g (^^|_ 1 ) SGiivd^i) £g{w) £Gi(u’) £G(yJi) 

111 1 
£G(vd_A £G(yj) £g(w) + 1 £G(vd_A + l 


dGi(wi) 

£Gi(y.’i) 


The last inequality follows by £g(^’|_i) = f + 1 ^ £g{w) with equality if and only if £g{w) = £G(xd_A = | + 1. 

By a similar discussion as in the proof for the even d, we may also obtain, for odd d, '^“(G) < C'^®(Gi), and 
the equality holds if and only if £g{w) = £G{vizzi-i) = + 1 - We omit the procedure here. □ 


4. Some applications of the edge-grafting theorems on the REE of trees 


In this section, we mainly use the four edge-grafting transformation theorems established in Section 3 to study 
the total reciprocal edge-eccentricity of trees with some given parameters, such as pendants, matching number, 
domination number, given bipartition, and so on. Some sharp bounds on REE are obtained. The corresponding 
extremal graphs are identified respectively. 



Let be the set of all n-vertex trees with k leaves. Clearly, = {5'„} and = {Pn}- So in what 

follows, we consider for — 2. A spider is a tree with at most one vertex of degree more than 2, 

called the hub of the spider, otherwise any vertex can be hub. A leg of a spider is a path from the hub to one 
of its leaves. Let 5'(ai, 02 ,..., Ofc) be a spider with k legs Li, L 2 ,..., Lfc such that {Ei^. \ = at (i = 1,2,..., fc) 
satisfying ai = n — 1. If | ^ 1 for 1 ^ i, j ^ fc, then we call S{ai,a 2 ,..., Ofc) a balanced spider. 

Let S'{ai, ..., Os, ,..., aj) be a tree obtained from two spiders iS'(ai,..., Og), S{a[, ..., aj) by adding an edge 
uv, where u, v are the center vertices of S{ai, ..., Og), S{a[, ..., aj), respectively, and the eccentricity of u and v 
are equal in S"(ai,..., Og, a'j^,..., aj), s,t > 1, s + t = k. 

Let = {S"(ai,..., Og, o^,..., a()|ai = • • • = Og = = • • • = aj, s, t > 1, s + t = k}. Clearly, n = 2 (mod k) 

for any tree T G 5^ and ^^(ri) = for any Ti, T 2 G 5^. 


Tl — 1 71 — 1 

Theorem 4.1. Let T be in with the maximal REE. Then T is the balanced spider S'([— - — J,..., [—;—J, 


^ ^ t C/ J. / l. J. 

[ — ; — ; —]) or T G if n = 2 (mod fc), and T is the balanced spider 5'([— - — J,...,[ — - —J, 


k—r 

n — 1 , , n — 1 


fU — 1, n — 1 

I ’ I I)' otherwise. 


k—r 


Proof. Choose T in such that is as large as possible. By Theorem 3.1, we get T is a spider or 

T ^ S''(ai,...,ag,ai,...,a(). 

If T is a spider, then T must be a balanced spider. Otherwise, by Corollary 3.2, there exists another spider 

Y] _ 1 Y) _ 1 77 _ 1 77 _ 1 

T' such that < C'^®(T'), a contradiction. That is, T = S([ — - —J, ..., I —;— J, f— - — 1, ..., [—;— 1). 

k k k k 

k—r r 

Similarly, if T = S'{ai,... ,as,a'i,... ,a(), then by Corollary 3.2, \ai — aj\ ^ 1 and |ajj — a(,| ^ 1, 1 ^ i,j ^ s, 
1 ^ /i, fc < f. If ai = ... = Og = a'^ ... = a(, i.e., n = 2 (mod k), then T G 5^. Otherwise, assume 1 < ai < ... ^ 
Og and 1 ^ ^ ... ^ a(, then we have Og = a( as the eccentricity of u and v are equal in T, where u, v are the 

vertices defined as above. Let {vi,V 2 ,. ■., Vt} = Nt{v) \ {u}. 


T” = T - {VVI,VV2, ■ ■ . ,VVt-l} + {UVI,UV2, ■ ■ . ,UVt-l}. 


Then, for every vertex x G Vt, drix) = dT"{x) except dxiu) = dT"{u) — t + 1, dxiv) = dT”{v) + t — 1 
and £t"{x) = £t{x) for any vertex a; G Vt. Thus, by a simple calculation, we have ^®®(T) = And by 

Corollary 3.2, there exists a balanced spider S' such that ^®®(T") < i.e., a contradiction. 

In conclusion, T G Sff has maximal REE, then T G 5^ or T is a balanced spider if n = 2 (mod k), otherwise, 
T is a balanced spider. 

This completes the proof. □ 


n - 2/3 + 1 



/3-1 


Figure 4: Tn,p 
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Let Tn^p be the tree obtained from the star graph Sn-p+i by attaching a pendant edge to each of certain 
/3 — 1 non-central vertices of Sn-p+i] see Fig. 4. It is obvious to see that contains an /3-matching. In the 
following, we show that Tn^p is the tree with the maximum among n-vertex trees with matching number /3. 
Let Pt{a,b) be the n-vertex graph obtained by attaching a and b leaves to the endvertices of Pt, respectively. 
Clearly, a + b + t = n. 

Theorem 4.2. Let T be an n-vertex (n^2(3) tree with matching number /3. 

(i) ///3 = 1, then r{T) = r{Sn) = 

(ii) If P = 2, then ^ with equality if and only if T = P 2 {a, b), where a b 2 = n. 

(hi) If P ^ 3, then ^ Wn-^ 3 g -7 equality if and only ifT = where is depicted in Fig. f. 

Proof, (i) If /3 = I, then there is just one such n-vertex tree, S'„. By a direct calculation, we have ^“(T) = . 

(ii) If /3 = 2, then T ~ ^ 2 ( 0 , b) with a -I- & + 2 = n, or T = P 3 (s, t) with s -|-1 -|- 3 = n. By a simple computing, 

we have ^®®(r) ^ , and the equality holds if and only if T ~ P 2 {a, b) with a -I- 6 -I- 2 = n. 

(iii) Choose an n-vertex tree T with matching number /3 ^ 3 such that is as large as possible. If there is a 

pendant path vqViV 2 . ■ ■ V 1 - 3 V 1 - 2 V 1 - 1 V 1 attached at vertex vq in T with I > 2, then we let Ti = T—vi- 2 Vi-i-\-voVi-i. 
It is routine to check that P{Ti) = P{T). By Corollary 3.2, we have ^®®(T) < ^^^(1"!), a contradiction. Therefore, 
the length of each of the pendant paths in T is one or two. Hence, we may assume that there are p Pa’s and q 



P 2 ’s attached at v\ see Fig. 5. 

First we consider that w is a parent of v or both w and v are two adjacent center vertices of T. We proceed 
by considering the following two possible cases. 

If the vertex w is not perfectly matched in T, then there exists a matching M of maximum cardinality such 
that w is not M-matched. Applying a-transformation to T yields the tree T' (see T ^ T' in Fig. 5). Note that 
P{T') = P{G — w) p-\-l = P{G) + p -I- I = P{T). That is to say, T' is an n-vertex tree with matching number 
p. By Theorem 3.3, 5'’®(r) < ^®®(T'), a contradiction. 

If the vertex w is perfectly matched in T, then for each matching M with maximum cardinality, w is M- 
matched. Applying p-transformation to T yields the tree T" (see T => T" in Fig. 5). Obviously, P{T") = 
P{G) -l-p + 1 = P{T). Based on Theorem 3.1, we have ^®®(r) < ^®®(r")) a contradiction. 

Now we consider that is a parent of w. Then the subgraph G is either a star or is an isolated vertex w. If 
the former happens, then by a similar discussion as above, we may obtain another n-vertex tree T' with matching 
number /3 satisfying ^®'’(T) < ^®®(T'), a contradiction. Hence, we obtain that G = Ki. Hence, we obtain that, in 
T, p = P — 1 and g = n — 2/3 + 1, i.e., T = Tn^p, which is the unique tree with maximum among n-vertex trees 
with matching number P ^ 3. By a simple calculation, we have that 

This completes the proof. □ 
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Recall that denote the set of all n-vertex trees with domination number 7 . 
Lemma 4.3 (Haynes et. al. 1998). For a graph G, we have ^{G) < I3{G). 
Lemma 4.4. If T & has the maximum then 'y{T) = P{T) = 7 . 


Wi W2 


Wi i 


W2 


V2 


Vi 


V2 


V2' 


Vp 


V2' 


T T' 

Figure 6: The structures of T and T'. 


Proof. It suffices to show that /3(r) ^ 7 (T) by Lemma 4.3. Otherwise, we have 7 = 'y{T) < (3{T). As¬ 
sume that S = {vi,V 2 , ■ ■ ■ ,Vj} is a minimum dominating set of T. Then there exist 7 independent edges, say 
viv[,V 2 V 2 , • ■ •, v.yv'^. Let M' = {viv'^ : z = 1, 2,..., 7 }, which is obvious a matching of T. 

If M' is contained in a maximum matching, say M, of T, then there must exist another edge, say W 1 W 2 , with 
no shared endvertex with each of * = 1, 2,..., 7 (based on 7 (T) < /3(T)). 

If M' is not contained in any maximum matching of T, then M' is a maximal matching. Note that 'y{T) < I3{T); 
hence there exists an M'-augmenting path of length 2 t -|- 1 , t ^ 7 and denote it by P = U 1 U 2 ■ ■ ■ U 2 t+iU 2 t+ 2 , where 
U 2 kU 2 k+i = Vkv'j^, k = 1,2,... ,t- Thus, for each adjacent pair ut, uj G S D Vp with i < j, we have 2 ^ j — z ^ 3. 
In particular, there must exist a pair of such vertices Ui,Uj G 5” O Vp satisfying j — i = 3 since the first (resp. last) 
domination vertex is U 2 (resp. U 2 t+i)- Suppose zq is the smallest value of z for which Uig,Ui„p 3 G S D Vp. Let 

HI — {riiZZ2, U^U4., ... , Uig — iUig } U { 1 X 2 ^+ 37 / 20 + 4 ; ^20+5^20+6; ■ • ■ ; ^2Z-t-1^2Z-t-2} O . . . , VjV^ }. 

Then M" is a matching of cardinality 7 , and each vertex in S is M"-matched. It is routine to check that the 

edge zXi 0 +izXi 0+2 is independent of each edge from M". Hence, in this case we also obtain 7 -|- 1 independent edges 
viv[,V 2 V 2 ,...,Vjv'^, zXio+izxi 0+2 in T. 

Summarize the discussion as above, we conclude that there exists 7 -I-1 independent edges viv[,V 2 V 2 , ■. ■, v.yv!y, 
W 1 W 2 in T. 

In what follows we show that wi,W 2 are dominated by two different vertices from S. In fact, if this is not 
true, then there will occur a triangle in T, which is a contradiction to the fact that T is a tree. Without loss 
of generality, assume that wi,W 2 are dominated by vi,V 2 , respectively. By a-transformation of T on the edges 
viwi and V 2 W 2 , we can obtain a new tree T' G such that ^®®(T') > 5®®(T) by Theorem 3.3 (see Fig. 6 ), a 
contradiction. That is, /3(G') ^ 7 (G)- Together with Lemma 4.3, we obtain j{T) = /3(T) = 7 , as desired. □ 

From Theorem 4.2 and Lemma 4.4, we can easily get the next result. 

Theorem 4.5. For any tree T G 

(i) //7 = 1, then e%T) = e"(5„) = 

(ii) 1/7 = 2 , then ^ with equality if and only if T = ^ 2 ( 0 , b), where a + h + 2 = n. 

(iii) 7 / 7 ^ 3 , then ^®®(r) ^ i0n-3j-7 equality if and only if T = Tn,-^. 
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Let be the set of all n-vertex trees with a (p, ( 7 )-bipartition, g > p > 1. Note that contains just 

S'„; = {Paid, b)\a + b = n — 3}, where Paia, b) is an n-vertex trees obtained by attaching a and b leaves 

to the endvertices of P 3 , respectively. By a direct calculation, we have ^®®(P 3 (a, b)) = ^ for a ^ 1 and 5 > 1, 

which is obvious if a ^ 2 and 6^2, ^^^(^ 3 ( 0 , b)) = ^*^(^ 3(0 — 1, & -f 1)) = ^*'^(^ 3(0 -I- 1, & — 1)). Furthermore, 


Theorem 4.6. Given positive integers p,q with q ^ p > 2 and p + q = n, then, for T S one has 

^ with equality if and only if T = P 2 {p,q). 

Proof. For a T € with q ^ p > 2 and p + q = n, repeatedly applying 0-transformation to T yields that 

P 2 {p,q) is the unique tree in such that it has the maximum By an elementary calculation, we have 

Let be the set of n-vertex trees of diameter d. For any graph T in let Pd+i = vqVi .. .Vdhea diametric 

path of length d in T. In particular, let C{ai, 02 ,..., Od-i) be an n-vertex tree obtained from by attaching 
Qi pendant edges to vertex Vi, i = 1,2,... ,d — 1. Obviously, diam(C'(ai,..., Od-i)) = d and n = d-I-1 -I- 
Denote Cn,d = C(0,..., 0, Od , 0,..., 0) if d is even and Cn,d = 0(0,..., 0, a^, a^, 0,..., 0) if d is odd. 

Yu et al. [38] showed that Cn,d is the unique graph having the maximal value among Here, we 

determine sharp upper bounds on of graphs among Jifff \ {Cn,d}- 


n — d — 2 7^2 



Vd 


+1 Vd-l Vd 


-d-3 


2^3 



Vn Vi Vd-i V±tl Ud+i , , Vd-l 'dd 

2 — 2 — ^ 2 


vq Vi Vd-l . Vd-l v^^^Vd-lVd 

——i 2 22 


Figure 7: Graphs T^, T^, T^, T"^, T®, T® and T^, where p + q = n — d — 2 and s-|-t = n — d — 3. 


Theorem 4.7. Let T £ \ {Cn,d} with d ^ 4. Then 


r{T) < 


E i “2 4 I 2n—2d—2 i 2n—2d+6 i 2 

i=0 d-i d d+2 (J-l-4 ’ 

E T^~2 4 _ 2 I 2ri-2d-|-4 , 2n—2d+6 
i=0 d-i d d+1 ' d+3 


The equality holds if and only if T = T^ ,T^ or T® for even d and T 
T^, T^,..., are depicted in Fig. 7. 


if d is even, 
if d is odd. 

= or for odd d, where 


Proof. Choose an n-vertex tree T in Jtfff \ {Cn,d} such that is as large as possible. Denote the diametric 

path of T by P = vqVi .. .Vd. 

First, we consider even d. In this case, let N 2 {vd) = {x & Vt\Vp : dT(x,Vd) = 2}. 

If N 2 {vd ) = 0, then all vertices of Hr \ Vp must be pendant vertices attached at some non-pendant vertices 
of P, otherwise by Theorem 3.3 we may get another n-vertex tree Pi in \ {Cn,d} such that ff^{T) < C^®(Pi), 
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a contradiction. Assume that the non-pendant vertex Ui (i ^ on P is adjacent to some pendant vertices, say 
ui,U 2 ,... ,Ut, t ^ 2. Let 


T' = T - {VtU2,ViU3, . . . ,ViUt} + {vdU2,VdU3, . . . ,VdUt}. 


Thus, we have 


r{T)-r{T') = Y. 



£T(uk) ST'ivd) £T'(uk) 

t-l t-l t-l t -1 


erivi) etK) +1 ST'ivd) eT'ivd) + l' 

Note that exivi) > f = ST'ivd); hence < 0, a contradiction. Therefore, every non-pendant 

vertex Vi {i ^ on P is adjacent to at most one pendant vertex. It is routine to check that there is at least 
one vertex in {vi,V 2 , ■ ■ ■ ,Vd_^,Vd_^_^,... ,Vd-i} being adjacent to just one pendant vertex; otherwise T = Cn,d, a 
contradiction. So in what follows, we show that there exists a x in PV{T) such that it is only adjacent to Vd_^ 
or Vd^-y. If this is not true, then either the pendant vertex x ^ Vi with — 1,^ + 1 and d, or one pendant 

vertex x ^ Vd_j^ and another pendant vertex y ~ Vd_^-^. If the former happens, then let 


T' = 


if 1 < i < I - 1 , 


T — ViX + Vi-iX, if|-|-l<i^(i—1. 


T -ViX + Vi+ix, 

d 

2 

If the latter happens, we let = T — Vd_j^x + VdX or let = T — Vd_^_^y + Vdy. By Theorem 3.1, we obtain 
r®(r) < r®(T'), £,^^{T) < and a contradiction. Hence, we obtain that P ^ or P^ 

if N 2 {vd) = 0, where P^,P^ are depicted in Fig. 7. 

If N 2 {vd ) ^ 0, then by Theorems 3.3 and 3.6, we obtain that Vt\Vp C PV{T). Furthermore, we may partition 
Ft \ Vp as Fi U F 2 , where Fi = N 2 {vd) and each vertex in F 2 is adjacent to some vertex on the diametric path P. 

If N 2 {vd ) = {wi,W 2 , ■ • ■, Wfc} with k ^ 2, then let Pi = P — {w 2 ,'W 3 , ..., w^} + {vdW 2 ,VdW 3 , VdWk}- By a 
similar discussion as in the proof of Theorem 3.6, we may obtain that ^®®(P) < ^®®(Pi), a contradiction. Hence, 
we have |A’ 2 (ud)| = 1 . 

If F 2 contains a vertex, say x, such that x is adjacent to Vi on P with i 7 ^ 0, | and d, then let 


P' = 


P — ViX + Vi+iX, if 1 ^ ^ I — 1, 

[ P — ViX + Vi-iX, if|-|-l^i^d—1. 

By Theorem 3.1, we obtain ^®®(P) < ^®®(P'), a contradiction. That is P = P^ (see Fig. 7). By direct computing, 
we have 


^ee(pl) ^ ^ ^ 


i=0 


d — i 


2 n — 2d — 2 2n — 2d + 6 
d d + 2 


+ 


d + P 


as desired. 

If d is odd, by a similar discussion as in the proof for even d, we may also show our result is true. We omit 
the procedure here. □ 


Let ^^d be the set of n-vertex trees obtained from P^+i = vqVi ... by attaching p and q pendant vertices 
at vi and Vd-i, respectively, where p + q = n — d — 1. Yu et al. [38] showed that each tree in having the 
minimal ^®®-value among all the set of n-vertex trees of diameter d. In the rest of this section, we characterize all 
the trees \ with the minimal ^®®-value. 
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r 


s 


h 


P 


P 


\F\T<jf ]T \ZZ.- ^ ^ 


vq Vi Vi V3 Vd-2Vd-i Vd vq Vi 


V2 V3 Vd-2Vd-l Vd Vq Vi 
T' 


V2 V3 Vd-2Vd-l Vd 


f 


T// 


Figure 8: Graph T with r + s + t + /i = n — d — l,s + t>0 and graphs T', T" with p + q = n — d — 2. 

Theorem 4.8. Let T G \ Then 



The equality holds if and only ifT = T' or T", where T' and T" are depicted in Fig. 8. 

Proof. Let T G \ be a tree with diameter P = uoui .. .Vd. Denote the component in T — {viVi-i,ViVi+i} 
containing Vi by Ti, i = 1,2, ... ,d — 1. That is, T is obtained from P = vqVi ...Vd by attaching Ti to Vi for 
j = 1, 2,..., d — 1. Let V° = {x GVt\ (Vp U Vti U ) : erix) = d}. It is routine to check that C PV {T). 
Put 

T* = T-V° + {vix:xGV°}. 

Clearly, It is easy to see that T* G \ and there is at least one pendant vertex, 

say w, such that w ^ vi and w / Vd-i. Note that P = vqVi ...Vd is as well a diametric path of T*. Let 
I/i = Nt* (ui) U Nt* {V 2 ) U Nt‘ {vd- 2 ) U Nt* {vd-i) U Vp. If Fp. \ = 0, then T* has the same structure as that 

of T as depicted in Fig. 8; If Pp* \ V^ then put 

T** = T* - Pp. \ pi + {V 2 X : a; G Pp. \ pi}. 

It is routine to check that T** G and £p*(a;) ^ £p**(a:) = d—I, dp..{a;) < dp. {x) for all x G Pp. \pi. In 

particular, there exists at least one vertex, say a G Pp. \pi, satisfying £p. (a) < £p.. (a) = d— 1, dp., (a) ^ dp. (a). 
Thus, by a direct calculation we may get and T** has the same structure as that of T as 

depicted in Fig. 8 

Hence, in what follows we are to determine the extremal graph from T as depicted in Fig. 8. Note that in 
T, s +1 > 0. Without loss of generality, we assume that s > 0. If t > 0, then we move all the t pendant edges 
from Vd -2 to V 2 and denote the resultant graph by T'. It is easy to see that ff^{T') = ff^{T). So we assume that 
f = 0, s ^ 1 in r. If s = 1, then we have T = T' or T" (see Fig. 8). If s ^ 2, then let T be the tree obtained from 
T by moving s — 1 pendants from V 2 to Vi. By a direct computing, we have 



3 s- 1 


^ee(y) 


Sf{vi) 


< 0 . 


The last inequality follows by s ^ 2 and £j.(ui) = d — 1 > ef{v 2 ) = d — 2. Hence, we obtained that the graph 


T = T' 01 T" having the minimal ^®®-value among Mff \ where T' and T" are depicted in Fig. 8. By direct 
calculation, we have 
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n—I 


1 

d-2 ’ 


if d is even, 
if d is odd. 



























as desired. 


□ 


5. Summary and conclusions 

In this article, we studied the the total reciprocal edge-eccentricity of graphs, which was introduced by Gupta, 
Singh and Madan in and derive some monotonicity properties on this novel graph invariant under some edge- 
graph transformations. In view of EZllSH], there is a lack of further analytical results in the scientific literature 
when studying this distance-degree-based graph invariants on trees. We obtained some sharp bounds on the total 
reciprocal edge-eccentricity of trees in terms of graph parameters such as pendants, matching number, domination 
number, diameter, vertex bipartition, et al, which extended some of the results obtained in |37l 138) . As a future 
work, we want to explore general methods to show the extremal values of the REE for characterizing the structural 
properties of graphs. 
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